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The purpose of this paper is to investigate the micro-local structure and to
Ž Ž .2calculate the b-function of a regular simple prehomogeneous vector space GL 1
Ž . . Spin 10 , half-spin rep. vector rep. by constructing the holonomy diagram.
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1. MAIN RESULT
The b-functions of prehomogeneous vector spaces were defined by M.
  Ž .Sato in the 1960s 7 . Let G, , V be a regular prehomogeneous vector
Ž .space abbreviated regular P.V. with the singular set S. Let S , . . . , S be1 l
the irreducible components of S with codimension one. Then each S isi
Ž . Ž .the zero of some irreducible polynomial f x 1 i l , and S Si 1
Ž . Ž .  S . These f x , . . . , f x are algebraically independent relativel 1 l
Ž .invariants with their characters  , . . . ,  . Let X G be a free abelian1 l 1
group generated by  , . . . ,  . Let  be the contragredient representa-1 l
 Ž   . Ž .tion of  on the dual V of V. Then the dual G,  , V of G, , V is
also a regular P.V. and the number of one-codimensional irreducible
 Ž .  Ž .components of its singular set is l. Let f y , . . . , f y be the alge-1 l
braically independent relative invariants of the dual P.V. with their charac-
  Ž .ters  , . . . ,  . Then X G is a free abelian group generated by1 l 1
  Ž . l m i Ž . , . . . ,  and, for any 	 X G , we have Ł  m 	  and1 l 1 i1 i i
 Ž . l  Ž .m iput f y Ł f y . Let  , . . . ,  be the infinitesimal charac-i1 i 1 l
 Ž Ž ..ters of  , . . . ,  , and let X be the linear subspace of   Lie G1 l 0
1
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generated by  , . . . ,  . We identify X with  l by Ýl s   s1 l 0 i1 i i
Ž . l l Ž . si Ž . s Ž Ž .. s , . . . , s 	 . We denote Ł f x by f x or f x for  s1 l i1 i
Ž . s , . . . , s 	 X .1 l 0
 
1 Ž .  
1 Ž .Let  be a character such that f y is a polynomial and f grad x




grad e² x , y: f 

1
y e² x , y: x	 V , y	 V .Ž . Ž . Ž .x




grad f s x  b s f s xŽ . Ž . Ž . Ž .x 
Ž  . Ž . Ž .see Proposition 1.10 in 8 . We call b s a b-function of G, , V .
The purpose of this paper is to investigate the micro-local structure and
to calculate the b-function of a regular simple prehomogeneous vector
Ž Ž .2 Ž . . Ž Ž .space GL 1  Spin 10 , half-spin rep. vector rep. A 18 of Section 3
 .in 2 by constructing the holonomy diagram. There are 12 regular simple
prehomogeneous vector spaces which have two algebraically independent
Ž  .relative invariants see 6 . The b-functions of four of them are reduced to
the cases of irreducible prehomogeneous vector spaces and T. Kimura
Ž  .obtained the b-functions in these cases see 1 . Our regular simple
prehomogeneous vector spaces is one of the remaining eight nontrivial
cases.
Ž Ž .2 Ž .The representation space of GL 1  Spin 10 , half-spin rep. vector
. Ž . 10 Ž .rep. is identified with V V 16  where V 16 is spanned by 1,
Ž . Že e , e e e e 1 i j 5, 1 k lm n 5 see pp. 110112 ini j k l m n
 . Ž .2 Ž .6 . Put GGL 1  Spin 10 and  half-spin rep. vector rep. Then,
  Ž .by the result of Kimura 2 , the triplet G, , V is a regular P.V. and the
Ž .algebraically independent relative invariants are given by f x  a˜1
10 Ž . ² Ž .: Ž .quadratic form on  and f x  y, Q x for x x, y 	 V where˜ ˜2
Ž . tŽ Ž . Ž .. Ž  .Q x  Q x , . . . , Q x see p. 21 in 1 . Let  be the character of f .1 10 i i
˜ ˜Ž . Ž .Then their infinitesimal characters are given by  A  2 ,  A 1 2
˜ 2Ž . Ž . Ž . Ž .2  for A  ,  ; A 	 Lie G   1   10 .
 Following the ideas of the microlocal analysis 8 , the holonomy diagram
Ž Ž .2 Ž .of a regular simple prehomogeneous vector space GL 1  Spin 10 ,
.half-spin rep. vector rep. is given by Fig. 1 and we obtain the b-function:
Ž Ž .2 Ž .THEOREM. The b-function of GL 1  Spin 10 , half-spin rep. vector
.rep. is gien as
       b s , s  s  1 s  s  5 s  1 s  8Ž . n n n n n 1 2 1 1 2 2 21 1 2 2 2
n1 n2 Ž .   Ž . Ž .for    n  0 where     1   k
 1 .1 2 i k
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Ž Ž .2 Ž . .FIG. 1. The holonomy diagram of GL 1  Spin 10 , half-spin rep. vector rep. .
2. PRELIMINARIES
 In this section, we review the main results of 3, 8 which will be used
later.
We identify the cotangent bundle TV of V with V V. Let x be0
a point of V. The conormal vector space V is defined by Vx x0 0
Ž Ž . .   ² Ž . : 4 d  x  y	 V ; d A x , y  0 for all A	 . Since V0 0  ŽG . x 0 Ž .    g V , the isotropy subgroup G at x acts on V , and hence wex x 0 x0 0 0
Ž  .   Ž  .obtain a triplet G ,  , V where    G . This triplet G ,  , Vx x x x x x x x0 0 0 0 0 0 0 0
Ž .is called the colocalization of G, , V at x . The conormal bundle0
Ž Ž . . Ž .T  G x of the orbit  G x is, by definition, the Zariski-closure of0 0
Ž .  Ž . 4 Ž Ž . .x, y 	 V V ; x	  G x , y	 V , and G acts on T  G x by0 x 0
Ž . Ž Ž .  Ž . . Ž Ž . .x, y   g x,  g y for g	G. Then G acts on T  G x0
Ž  .prehomogeneously if and only if the colocalization G ,  , V is a P.V.x x x0 0 0
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Ž Ž . . Ž .The conormal bundle 	 T  G x of an orbit  G x is called a0 0
Ž . Ž .good holonomic variety if 1 G acts on 	 prehomogeneously; 2 	W
Ž Ž . s.  lwhere W is the Zariski-closure of x, grad log f x 	 V V ; s	 C , x
4	 V
 S . Let 	 and 	 be two conormal bundles of some G-orbits.0 1
Assume that dim  p n
 1 for some p		 	 where   A	0 0 1 0
Ž . 4 Ž .;  A  0, 1 i l . If 	 or 	 W, then we have 	 	 W.i 0 1 0 1
Ž .  4 For a regular P.V. G, , V , the conormal bundle 0  V of the origin is
a good holonomic variety.
Let 	G x , y be a good holonomic variety and let A beŽ .0 0 0
Ž . Ž .  Ž .an element of  Lie G satisfying d A x  0 and d A y0 0 0 0
s s l Ž . y . Then we have the order ord f by ord f Ý s  A 
0 	 	 i1 i i 0
1Ž .tr d A  dim V . Let 	 G x , y and 	 G x , y beŽ . Ž .V x 0 x 0 0 0 1 1 12x 0 00
Ž . Ž .good holonomic varieties satisfying x , y 		 	 and dim G x , y0 1 0 1 0 1
Ž . Ž . dim V
 1. Let A be an element of  Lie G satisfying d A x1 1 0
 Ž . 0 and d A y  y . Then A acts on the one dimensional vector1 1 1 1
˜  Ž .space V V modulo d  y . Let  be its eigenvalue, i.e., x x x 10 0 0

 Ž .tr A . Then 
 and  are given by  , 
,   1 and we say thatV˜ 1 
 
Ž .the intersection exponent of 	 and 	 is 
,  . If  is not determined0 1
uniquely, i.e.,  depends on A , then we have 
 1,  0.1
Let 	 be a good holonomic variety and f  a polynomial. Then a
 Ž . Ž .polynomial b s in s s , . . . , s 	 X is called a local b-function of 		 1 l 0
if there exists an invertible micro-differential operator P defined near a
generic point of 	 which is independent of s and satisfies P f s
 Ž . s  Ž .b s f . We can show that there exists a local b-function b s which is	 	
Ž  .  Ž .unique up to a constant multiple see 8, 3 . We have b s  1 andV 04
 Ž . Ž . Ž .b s  b s where b s is the b-function of this P.V.04V  
 Ž .  Ž .  Ž .We shall calculate the ratio b s b s of local b-functions b s and	 	 	1 0 1
 Ž .b s as follows.	 0
Ž .THEOREM 2.1 3, 8 . Let 	 and 	 be good holonomic arieties0 1
whose intersection is of codimension one with the intersection exponent
Ž . Ž . s Ž
,   1, 0 . Assume that M f is a simple holonomic system see
1 l . Ž . Ž .Section 2 in 8 with support 	 	 . Define e s  Ý m 
m s0 1 1 i1 1 i 0 i i2
1s lŽ . Ž .for s s , . . . , s 	 X where ord f 
Ý m s 
 
 j 1, 2 .1 l 0 	 i1 ji i j2j
Ž .Assume that e   0. Then we hae, up to a constant multiple,1
1  s sb s b s  ord f 
 ord f Ž . Ž .	 	 	 	 2 Ž .e 1 0 0 1 1
  Ž . Ž .where     1   k
 1 .k
Ž .  4Let G, , V be a regular P.V. with finitely many orbits. Let 	 , . . . , 	1 m
be the set of all conormal bundles in W, of some G-orbits in V. To each 	 ,i
associate a circle 	 and connect the two circles associated to 	 and 	 ifi i j
and only if dim 	 	  n
 1. Thus we obtain a diagram which is calledi j
Ž . sthe holonomy diagram of G, , V . We write the order ord f beside the	
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1s scircle associated to a good holonomic ariety 	 and ord f 
 ord f 	 	 2i j
Ž .as in the following figure when the intersection exponent of 	 to 	 is 1, 0 .i j
ŽRemark 2.2. A typical method to obtain the holonomy diagram 8,
.Remark 6.2 : Let x 	 V be a point of V. Assume that the colocalization0
Ž  . Ž .G ,  , V of G, , V at x is a P.V., and let y be its generic point.x x x 0 00 0 0
Ž Ž . . Ž .Then the conormal bundle 	  T  G x of the orbit  G x is0 0 0
given by 	 G x , y . Let y be a point of V such thatŽ .0 0 0 1 x 0
Ž . Ž . Ž . Ž .codim  G y  1. Then the orbit G x , y of x , y is of n
 1V x x 1 0 1 0 1x 0 00
Ž .dimension n dim V and is contained in 	 . Assume that the colocal-0
Ž  . Ž   .ization G ,  , V of G,  , V at y is a P.V., and let x be its genericy y y 1 11 1 1
Ž Ž . .point. Then we have x 	 V and the conormal bundle 	  T  G x1 1 1
Ž . Ž .of the orbit  G x is given by 	 G x , y . We assume that  G xŽ .1 1 1 1 0
Ž . Ž . Ž .  G x . Since G x , y 	 	 and dim G x , y  n
 1, we have1 0 1 0 1 0 1




10 ˇŽ .Define an element e of  by e  0, . . . , 0, 1 , 0, . . . , 0 for 1 i 10.i i
Ž . Ž .PROPOSITION 3.1 4 . The triplet G, , V has the following 13 orbits.
Representatie point Codimension Point of the dual orbit
Ž .x  1 e e e e , e  e 0 x1 1 2 3 4 5 10 13
Ž .x  1 e e e e , e  e 1 x2 1 2 3 4 1 6 7
Ž .x  1 e e e e , e 1 x3 1 2 3 4 5 12
Ž .x  1 e e e e , e 2 x4 1 2 3 4 1 9
Ž .x  1, e  e 5 x5 1 6 10
Ž .x  1, e 6 x6 1 6
Ž .x  1 e e e e , e 9 x7 1 2 3 4 10 2
Ž .x  1 e e e e , 0 10 x8 1 2 3 4 11
Ž .x  1, e 10 x9 6 4
Ž .x  1, 0 15 x10 5
Ž .x  0, e  e 16 x11 1 6 8
Ž .x  0, e 17 x12 1 3
Ž .x  0, 0 26 x13 1
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 Ž . 4For a point x of V, we denote by G  g	G;  g x x the isotropyx
subgroup of G at x and V denotes the conormal vector space. Then Gx x
   Ž  .acts on V by    . If the triplet G ,  , V is a P.V., then weGx x x x xx
denote by y its generic point. Moreover, if there is one one-codimen-0
sional orbit, then y denotes a point of that orbit and if there exists two1
one-codimensional orbits, then we denote by y and y representative1 1
Ž   . Ž .points of their orbits. Since G is reductive, we have G,  , V  G, , V
and hence the dual space V has also 13 G-orbits. We identify V and V
Ž . Ž .as usual. Let  resp.  be the Lie algebra of G resp. G , and d thex x x
infinitesimal representation of  . We denote by 	 the conormal bundlex i
Ž Ž . . Ž .T  G x of an orbit  G x .i i
Ž . Ž .1 The case for x  1 e e e e , e  e1 1 2 3 4 5 10
 Ž . 4The isotropy subalgebra   A	; d A x  0 is isomorphic tox 11
Ž . Ž Ž .  .  4 s 7 see A 18 of Section 3 in 2 . Since 	  V 0 , we have ord f1 	1
 0.
Ž . Ž .2 The case for x  1 e e e e , e  e2 1 2 3 4 1 6
 t  0 A a 0 A 012 13 21
A A A 
A A 021 2 23 21 12
0 0 a 0 0 0a 33  , 0; 	 ;tx 2 0 
A 
a 0 
A 02 12 13 21
t t tA A C 
A 
A 012 21 12 2
t t   a 
 C 0 
a 
A 
a13 13 23 3
A 	  3 ,Ž .2
0 
b b 0 b 
b3 2 6 5
 b 0 
b 
b 0 bA  , A 3 1 6 412 21	 0 	 0
b b 0 b 
b 02 1 5 4

b b1 4
t b bwhen  .A A 2 5ž /12 21 	 0b b3 6

 ² : Ž .V   where   e e 
 e e e e , e . d :  
a  . y x 1 1 1 5 2 3 4 5 5 x 1 3 1 0 12 2
 Ž .	  G x and y  0. Let A be an element of  with a 
1 and7 1 0 x 32 Ž . Ž .all remaining parts zero. Then d A y  y and  A  0,0 0 0 1 0
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Ž .  s A 
1 and tr A  dim V  1 and hence we have ord f 2 0 V 0 x 	x 2 221
s 
 .2 2
Ž . Ž .3 The case for x  1 e e e e , e3 1 2 3 4 5
 A 0 B 0
a 0 a 0 0  ,
a; 	 ;x t3 2 B 0 
A 0	 0	 0 0 0 0 
a
0 b 
b b34 24 23

b 0 b 
b34 14 13t A	  4 , B
B , B Ž .
b 
b 0 b24 14 12	 0
b b 
b 023 13 12
0 b b b12 13 14

b 0 b b12 23 24 when B .
b 
b 0 b13 23 34	 0
b 
b 
b 014 24 34
 ² : Ž .  Ž .V   where   0, e . d :   2 a . y  	  G xx 1 1 10 x 1 1 0 1 123 3 1and y  0. Let A be an element of  with a and all remaining1 0 x 23 Ž . Ž . Ž .parts zero. Then d A y  y and  A 
1,  A  0 and0 0 0 1 0 2 0
 1s
tr A  dim V  1 and hence we obtain ord f 
s 
 .V 0 x 	 1 2x 3 33
Ž . Ž .4 The case for x  1 e e e e , e4 1 2 3 4 1
 a A a 0 B 0 1 12 13
t0 A A 
 B 0 02 23
0 0 a 0 0 0a 33  ,
a ; 	 ;x 14 0 0 0 
a 0 02 1
t t0 B C 
A 
A 012 2
t t   0 






b b3 2 1
t 
b 0 b bA 	  3 , B  when B .Ž . 3 1 22 	 0 	 0b 
b 0 b2 1 3

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 ² : Ž . Ž .V   ,  where   e e e e , e and   0, e .x 1 2 1 2 3 4 5 5 2 64
a 
 a 01 3d :  ,    ,  .Ž . Ž .x 1 2 1 24 ž /0 2 a1
 Ž .  Ž .   Ž .y   	  G x and y  	  G x , y  	  G x .0 1 2 9 1 2 12 1 1 9
1 1Let A be an element of  with a  , a 
 and all remaining0 x 1 32 24 Ž . Ž . Ž . parts zero. Then d A y  y and  A   A 
1, tr A0 0 0 1 0 2 0 V 0x4 dim V 2 and hence we have ord f s 
s 
 s 
 1.x 	 1 24 4
Ž . Ž .5 The case for x  1, e  e5 1 6
 0 A 0 012
0 A 0 0
1  tr A , 0; t 	 ;x 25 0 




t A	  4 , C
C	M 4 .Ž . Ž .

 ² : Ž . Ž .V   , . . . ,  where   
e e e e , 0 ,   e e e e , 0 ,  x 1 5 1 1 3 4 5 2 1 2 4 5 35
Ž . Ž . Ž .
e e e e , 0 ,   e e e e , 0 , and   e e e e , 0 .1 2 3 5 4 1 2 3 4 5 2 3 4 5
A
 tr A I 0Ž . 4d :  , . . . ,    , . . . ,  .Ž . Ž .x 1 5 1 55 ž /A 
tr A12
 Ž .y  	  G x . There is no one-codimensional orbit. Let A be an0 4 10 0
Ž .Želement of  with A  0, C 0, and A diag a , a , a , t a  ax 12 1 2 3 1 25
.  Ž . Ž .a 
1 . Then we have d A y  y and  A  t
 1.3 0 0 0 2 0
Ž . Ž .6 The case for x  1, e6 1
 a A 0 01 12
0 A 0 021  a  tr A ,
a ; 	 ;Ž .x 1 2 126 0 0 
a 01	 0	 0t t 0 C 
A 
A12 2
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
t A 	  4 , C
C	M 4 .Ž . Ž .2

 ² : Ž . Ž .V   , . . . ,  where   
e e e e , 0 ,   e e e e , 0 ,  x 1 6 1 1 3 4 5 2 1 2 4 5 36
Ž . Ž . Ž . Ž .
e e e e , 0 ,   e e e e , 0 ,   e e e e , 0 , and   0, e .1 2 3 5 4 1 2 3 4 5 2 3 4 5 6 6
A 
 a  tr A I 0 0Ž .2 1 2 2
A 
tr A 0d :  , . . . ,    , . . . ,  .Ž . Ž . 12 2x 1 6 1 66 	 00 0 2 a1
 Ž .  Ž .y   	  G x and y  	  G x . Let A be an element0 4 6 6 1 4 10 0
1 Ž .Žof  with a  , A  0, C 0, and A  diag a , a , a , t a  ax 1 12 2 2 3 4 2 326 3  3. Ž . Ž . a 
 . Then we have d A y  y and  A  t
 .4 0 0 0 2 02 2
Ž . Ž .7 The case for x  1 e e e e , e7 1 2 3 4 10
 A A B 01 12
0 a 0 02
1  a , a ; 	 ;tx 2 227 B C 
A 012 1	 0	 0t t 




t  A 	  4 , B
B	M 4 , BB 
Pf B .Ž . Ž . Ž .1

 ² : Ž . Ž .V    , . . . ,  where   
e e , e ,   
e e , e ,  x 1 9 1 1 5 1 2 2 5 2 37
Ž . Ž . Ž . Ž .
e e , e ,   
e e , e ,   
e e e e , e ,   e e e e , e , 3 5 3 4 4 5 4 5 2 3 4 5 6 6 1 3 4 5 7 7
Ž . Ž . Ž . 
e e e e , e ,   e e e e , e , and   0, e .1 2 4 5 8 8 1 2 3 5 9 9 5

tA 
 a I B 01 2 4
B A 




2 a12 12 2
 Ž .  Ž .y   	  G x and y  	  G x . Let A be an element0 1 5 2 1 1 9 0
 Ž .of  with a 
1 and all remaining parts zero. Then d A y  yx 2 0 0 07
Ž . Ž . and  A   A 
2, tr A  10 and dim V  9. Hence we1 0 2 0 V 0 xx 7711shave ord f 
2 s 
 2 s 
 .	 1 2 27
SHIN-ICHI KASAI10
Ž . Ž .8 The case for x  1 e e e e , 08 1 2 3 4
 A A B 01 12
0 a 0 02
1  a ,  ; 	 ;tx 228 B C 
A 012 1	 0	 0t t 




t  A 	  4 , B
B	M 4 , BB 
Pf B .Ž . Ž . Ž .1

 ² : Ž . Ž . Ž .V   , . . . ,  where   0, e ,   0, e ,   0, e ,  x 1 10 1 10 2 1 3 2 48
Ž . Ž . Ž . Ž . Ž . Ž .0, e ,   0, e ,   0, e ,   0, e ,   0, e ,   0, e , and3 5 4 6 6 7 7 8 8 9 9
Ž .  0, e .10 5
d :  , . . . , Ž .x 1 108
a 
  0 0 02
t C 
A 
 I B 012 1 4  , . . . ,  .Ž .1 10 A B A 




 12 12 2
 Ž .  Ž .y   	  G x and y  	  G x . Let A be an ele-0 1 10 11 1 1 12 0
 Ž .ment of  with 
1 and all remaining parts zero. Then d A yx 0 08
Ž . Ž .  y and  A 
2,  A 
1, and tr A  dim V  10;0 1 0 2 0 V 0 xx 88
hence we have ord f s 
2 s 
 s 
 5.	 1 28
Ž . Ž .9 The case for x  1, e9 6
 a 0 0 01
A A 0 021 2
1  a  tr A , a ; 	 ;Ž . tx 1 2 129 0 C 
a 
A12 1 21	 0	 0t t 
 C C 0 
A12 2 2

t A 	  4 , C 
C 	M 4 .Ž . Ž .2 2 2

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Ž   .We use the same notations A , . . . , A in 6, pp. 120121 . y 
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Ž . Ž .13 The case for x  0, 013
Ž  . Ž .In this case, we have G ,  , V  G, , V . y  x , y  x andx x x 0 1 1 213 13 13
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Ž .Thus we obtain the holonomy diagram Fig. 1 where we denote by
Ž .the conormal bundle of the orbit  G x which is j-codimensional.i
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